The notion of intrinsic algebraic entropy of an endomorphism of a given Abelian group has been recently introduced in [D. Dikranjan, A. Giordano Bruno, L. Salce, S. Virili, Intrinsic algebraic entropy, J. Pure Appl. Algebra 219 (2015) . In this short note we provide a correct argument to prove one of the basic properties of the intrinsic algebraic entropy: the Logarithmic Law. In fact, this property was correctly stated in [op. cit.] but, as we will show with an explicit counterexample, the original proof contains a flaw.
Introduction
The notion of intrinsic algebraic entropy ent(φ) of an endomorphism φ : G → G of a given Abelian group G has been recently introduced in [DGSV] , as a natural extension of the algebraic entropy ent(φ), studied in [DGSZ] . We refer to [DGSV, DGSZ] for more details on the history of these and related invariants.
The new invariant ent has the advantage that, contrarily to ent, it is non-trivial on torsion-free groups and, furthermore, it satisfies all the desirable properties one should expect from a wellbehaved entropy function: it is monotone under taking quotients and restrictions and, in fact, it is additive (see [DGSV, Thm. 5 .9]), it is upper-continuous (see [DGSV, Lem. 3 .14]), it satisfies the Logarithmic Law, it takes the "correct values" on Bernoulli Shifts (see [DGSV, Ex. 3.7] ), it can be computed easily on endomorphisms of (subgroups of) Q n via the so-called Intrinsic Yuzvinski Formula (see [DGSV, Thm. 4.2] ). Let us remark that the proofs of two of the main properties of the intrinsic entropy, namely its additivity and the Intrinsic Yuzvinski Formula, have been considerably simplified in [GV] and [SV] .
In this short note we concentrate on the Logarithmic Law for the intrinsic algebraic entropy (see below for the precise definitions and statements). This logarithmic behavior is one of the typical properties for an entropy function, and this is probably the reason for which nobody noticed that its original proof was based on the false lemma [DGSV, Lem. 3.11(b) ]. The situation changed when the first named author, while trying to adapt some of the proofs in [DGSV] to a more general context, noticed the mistake and communicated it to the authors of [DGSV] . In this note we give a simple and explicit counterexample to a wrong statement in [DGSV, Lem. 3.11(b) ] and we provide a new argument to prove the Logarithmic Law for ent.
Basic definitions about the intrinsic algebraic entropy
For a subgroup H of G and n ∈ N+, the n-th partial φ-trajectory of H is the subgroup
while the φ-trajectory of H is
Note that T (φ, H) is the smallest φ-invariant subgroup of G containing H.
A subgroup H of G is φ-inert if the quotient group (H + φ(H))/H is finite [DGSV, Def. 1.1]. According to [DGSV, Lem. 3.2] , for such a subgroup, the limit ent(φ, H) := lim n→∞ log |Tn(φ, H)/H| n exists, it is finite, and it is called the intrinsic entropy of φ with respect to H. Finally, the intrinsic entropy of φ is defined in [DGSV, Def. 1.2] as the supremum ent(φ) := sup{ ent(φ, H) | H φ-inert subgroup of G}.
The Logarithmic Law
The "Logarithmic Law" for the intrinsic entropy is the following result:
Logarithmic Law ( [DGSV, Lem. 3.12] ). If φ : G → G is an endomorphism of an Abelian group G, and k ∈ N+, then ent(
The Logarithmic Law was stated as Lemma 3.12 in [DGSV] . The original argument for the proof of this property in [DGSV] strongly depends on a second, unfortunately wrong, lemma ( [DGSV, Lem. 3 .11]) which we state below:
Lemma 1 ( [DGSV, Lem. 3.11] ). Let φ : G → G be an endomorphism of an Abelian group G, and H be a subgroup of G.
(a) If H is φ-inert, and H ′ = T k (φ, H) for some k ∈ N+, then H ′ is φ-inert and
The last equality stated in Lemma 1(b) does not hold true in general, as we show in Example 2. As we already mentioned above, Lemma 1 is used in the proof of [DGSV, Lem. 3.12] , in particular, part (b) of Lemma 1 is essential in proving the following inequality:
On the other hand, the second part of the proof of [DGSV, Lem. 3.12] , establishing that
is independent of Lemma 1(b), and it is therefore correct.
Proof of the Logarithmic Law
We now give our proof of the Logarithmic Law; for this we will use some deep properties of the intrinsic entropy proved in [DGSV] (more precisely, we will use [DGSV, Prop. 5.6, Lem. 2.7, Prop. 3.16(b) , Lem. 3.14]), whose proofs do not rely on Lemma 1(b).
Proof of the Logarithmic Law. If ent(φ) = ∞, then (Eq.II) is sufficient to conclude, so let us assume that ent(φ) < ∞. We first prove the Logarithmic Law under the additional assumption that G = T (φ, F ), for a finitely generated subgroup F ≤ G. Indeed, by [DGSV, Prop. 5.6] there exists m ∈ N+ such that Tm(φ, F ) is φ-inert and, by Lemma 1(a), also the subgroup H := T m+k−1 (φ, F ) = T k (φ, Tm(φ, F )) is φ-inert. Moreover, by [DGSV, Lem. 2.7(b) ], H is also φ k -inert. Furthermore, H is a finitely generated subgroup of G such that G = T (φ, H) = T (φ k , H). Then, [DGSV, Prop. 3.16(b) ] applies respectively to φ and φ k to give the following equalities:
ent(φ) = ent(φ, H), and ent(φ k ) = ent(φ k , H).
To conclude this part of the proof, we now verify that ent(φ k , H) = k · ent(φ, H). Indeed, for every n ∈ N+, Tn(φ k , H) = T kn−k+1 (φ, H), and so
In the general case, we use the fact that G is the direct limit of the family of φ-invariant subgroups {T (φ, F ) | F ≤ G, F finitely generated}. Then, [DGSV, Lem. 3.14] implies that ent(φ) = sup{ ent(φ ↾ T (φ,F ) ) | F ≤ G, F finitely generated}, and ent(φ k ) = sup{ ent(φ k ↾ T (φ,F ) ) | F ≤ G, F finitely generated}. (Eq.III)
For any finitely generated subgroup F ≤ G, the first part of the proof gives that ent(φ k ↾ T (φ,F ) ) = k · ent(φ ↾ T (φ,F ) ), so (Eq.III) yields ent(φ k ) = k · ent(φ).
